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LIE GROUP VALUED MOMENT MAPS
ANTON ALEKSEEV, ANTON MALKIN, AND ECKHARD MEINRENKEN
Abstract. We develop a theory of “quasi”-Hamiltonian G-spaces for which the
moment map takes values in the group G itself rather than in the dual of the
Lie algebra. The theory includes counterparts of Hamiltonian reductions, the
Guillemin-Sternberg symplectic cross-section theorem and of convexity properties
of the moment map. As an application we obtain moduli spaces of flat connections
on an oriented compact 2-manifold with boundary as quasi-Hamiltonian quotients
of the space G2 × · · · ×G2.
1. Introduction
The purpose of this paper is to study Hamiltonian group actions for which the
moment map takes values not in the dual of the Lie algebra but in the group itself.
For the circle group S1 this situation has been studied in literature (see e.g.
[McD, Wm]). The standard example is the real 2-torus T 2 = S1 × S1, with its
standard area form and the circle acting by rotation of the first S1; the moment map
is given by projection to the second S1. It is in fact known that every symplectic
S1-action on a symplectic manifold for which the 2-form has integral cohomology
class admits an S1-valued moment map.
In this paper we consider group valued moment maps for general non-abelian
compact Lie groups G. One theory encountering group valued moment maps is the
theory of Poisson-Lie group actions on symplectic manifolds [L], [LW], where G is a
Poisson Lie group and the target of the moment map is the dual Poisson-Lie group
G∗. In [A] it was shown that for compact, connected, simply connected Lie groups
G this theory is equivalent to the standard theory of Hamiltonian actions.
In this paper we introduce the notion of “quasi”-Hamiltonian (q-Hamiltonian)
G-spaces consisting of a G-manifold M , an invariant 2-form ω and a group valued
moment map µ : M → G satisfying certain natural compatibility conditions. It
turns out that for non-abelian G these spaces differ in many respects from Hamil-
tonian G-spaces. In particular, the conditions that the 2-form ω be non-degenerate
and closed have to be replaced by somewhat more complicated conditions. In spite
of these differences, Hamiltonian reductions of these spaces are defined and result
in spaces with symplectic forms.
Basic examples for q-Hamiltonian G-spaces are conjugacy classes in G. Another
example is the “double” D(G) = G × G generalizing the above T 2-example. Note
that for G compact and simply-connected, D(G) does not admit a symplectic struc-
ture because its second cohomology is trivial. Yet, it admits a (minimally degener-
ate) q-Hamiltonian structure.
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As an application we obtain the moduli spaceM(Σ) of flat connections on a closed
2-manifold Σ of genus k as a q-Hamiltonian quotient of the space G2k. Our construc-
tion is a reinterpretation of the construction due to Jeffrey[J1] and Huebschmann[H]
(see also [GHJW]) which representsM(Σ) as a symplectic quotient of a certain finite
dimensional non-compact symplectic space X (which is in fact an open subset of
G2k). Their construction is based on the group cohomology approach of Goldman[G],
Karshon[K] and Weinstein[W]. For another closely related construction see King-
Sengupta[KS].
We show that the space G2k admits a q-Hamiltonian structure with a G-valued
moment map corresponding to the G-action by simultaneous conjugations. Then
M(Σ) is obtained as a q-Hamiltonian quotient of G2k. The closedness and non-
degeneracy of the 2-form on the moduli space follows from the basic properties of
the reduction procedure. More generally, if Σ has a boundary and C = {Cj} are
conjugacy classes of holonomies associated to the boundary components, the corre-
sponding moduli space M(Σ, C) is a q-Hamiltonian reduction of the space G2(r+k)
where r+ 1 is the number of boundary components. We will explicitly describe the
2-form on G2(r+k) that gives rise to the symplectic form on moduli space and check
that the answer coincides with Atiyah-Bott’s [AB] gauge theoretic construction of
the symplectic form on M(Σ, C).
The paper is organized as follows. The definition of a q-Hamiltonian G-space
with G-valued moment map is given in Section 2. Section 3 contains basic examples
of q-Hamiltonian G-spaces and Section 4 discusses some of their basic properties.
In Section 5 we show that Hamiltonian reduction extends to the present setting.
In Section 6 we define the “fusion product” of two G-Hamiltonian spaces, with
moment map the pointwise product of the two moment maps. In Section 7 we
prove a q-Hamiltonian version of the Guillemin-Sternberg symplectic cross-section
theorem and discuss convexity properties of the moment map. In Section 8 we
explain the relation of our theory to Hamiltonian loop group spaces, we prove
that there is a natural one-to-one correspondence between compact q-Hamiltonian
G-spaces and Hamiltonian LG-spaces with proper moment map. Section 9 contains
the application of our results to moduli spaces of flat connections. In Section 10
we explain the relation to the Lu-Weinstein theory of Poisson-Lie group actions on
symplectic manifolds.
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2. Quasi-Hamiltonian G-spaces
In this section we recall the definition of Hamiltonian G-spaces with g∗-valued
moment maps and then present our definition for “quasi”-Hamiltonian G-spaces
with G-valued moment maps.
2.1. Hamiltonian G-spaces. Throughout this paper G denotes a compact Lie
group with Lie algebra g. A G-manifold is a manifold M together with an action
A : G×M → M . Given g ∈ G, x ∈M we will often write
A(g, x) = xg,
and for ξ ∈ g we denote by vξ the generating vector field on M . Given a closed
invariant 2-form ω on a G-space (M,A), the contraction ι(vξ)ω is closed because
dι(vξ)ω = Lvξω − ι(vξ)dω = 0.
In symplectic geometry, one is mainly interested in the case that ι(vξ)ω is exact and
ω is non-degenerate:
Definition 2.1. A Hamiltonian G-space (M,A, ω, µ) is a G-manifold (M,A), to-
gether with an invariant 2-form ω ∈ Ω2(M)G and an equivariant moment map
µ ∈ C∞(M, g∗)G such that:
(A1) The form ω is closed: dω = 0.
(A2) The moment map satisfies
ι(vξ)ω = d〈µ, ξ〉 for all ξ ∈ g.
(A3) The form ω is non-degenerate.
Simple consequences of the axioms are the following description of the kernel and
image of the derivative of the moment map:
im(dxµ) = g
0
x, ker(dxµ)
ω = {vξ(x), ξ ∈ g}.(1)
Here gx is the isotropy algbra of x and g
0
x its annihilator in g
∗, and for any subspace
E ⊂ TxM the subspace Eω := {v ∈ TxM, ω(v, w) = 0 for all w ∈ E} is its ω-
orthogonal complement.
2.2. q-Hamiltonian G-spaces. Let us try to develop the notion of a “quasi”-
Hamiltonian G-space (M,A, ω, µ) with a G-valued moment map µ : M → G. We
denote by (·, ·) some choice of an invariant positive definite inner product on g
which we use to identify g ∼= g∗, and by θ, θ ∈ Ω1(G, g) the left- and right- invariant
Maurer-Cartan forms. (In a faithful matrix representations for G, θ = g−1dg and
θ = dg g−1.) If G is abelian (so that θ = θ), the natural replacement for the moment
map condition is
ι(vξ)ω = µ
∗(θ, ξ).(2)
If G is non-abelian, condition (2) does not work as it is incompatible with the
anti-symmetry of ω. One is forced to replace it by
ι(vξ)ω =
1
2
µ∗(θ + θ, ξ).(3)
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If we want ω to be G-invariant this condition is no longer compatible with dω = 0:
Indeed,
0
!
= Lvξω = (dι(vξ) + ι(vξ)d)ω =
1
2
µ∗d (θ + θ, ξ) + ι(vξ)dω.(4)
This equation can be rewritten as follows. Let χ ∈ Ω3(G) denote the canonical
closed bi-invariant 3-form on G:
χ =
1
12
(θ, [θ, θ]) =
1
12
(θ, [θ, θ]).(5)
Denote by vrξ and v
l
ξ the right and left invariant vector field on G generated by ξ.
The fundamental vector field for the adjoint action is vξ = v
r
ξ − vlξ so that
ι(vξ)θ = Adg−1 ξ − ξ, ι(vξ)θ = ξ − Adg ξ(6)
which together with the structure equations dθ = −1
2
[θ, θ] and dθ = 1
2
[θ, θ] gives
ι(vξ)χ =
1
2
d(θ + θ, ξ).(7)
Using these formulas condition (4) becomes
0
!
= ι(vξ)(dω + µ
∗χ)
so that we are lead to require dω = −µ∗χ. However, the moment map condition
(3) is in general also incompatible with non-degeneracy of ω since it implies that all
generating vectors vξ(x) with ξ a solution of Adµ(x) ξ = −ξ have to lie in the kernel
of ωx.
We are therefore lead to the following “minimal” definition.
Definition 2.2. A quasi-Hamiltonian G-space is a G-manifold (M,A) together
with an invariant 2-form ω ∈ Ω(M)G and an equivariant map µ ∈ C∞(M,G)G
such that:
(B1) The differential of ω is given by:
dω = −µ∗χ.
(B2) The map µ satisfies
ι(vξ)ω =
1
2
µ∗(θ + θ, ξ).
(B3) At each x ∈M , the kernel of ωx is given by
kerωx = {vξ, ξ ∈ ker(Adµ(x)+1)}.
We will refer to µ as a moment map.
In the following section we will give some examples of q-Hamiltonian G-spaces.
Let us, however, first make a remark on the definition.
Remark 2.1. For ordinary Hamiltonian G-spaces, the defining conditions can be
expressed elegantly in terms of the de Rham model for equivariant cohomology. Let
Ω∗G(M) =
⊕
k Ω
k
G(M) be the complex of equivariant differential forms,
ΩkG(M) =
⊕
2l+j=k
(Ωj(M)⊗ Slg∗)G
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with differential
(dGα)(ξ) = d(α(ξ))− ι(vξ)α(ξ).
Conditions (A1) and (A2) can be summarized by the requirement that ωG(ξ) =
ω + 〈µ, ξ〉 be an equivariantly closed form in Ω2G(M):
dGωG(ξ) = dω + d〈µ, ξ〉 − ι(vξ)ω = 0.(8)
However, one can also take a slightly different point of view and rewrite (8) as follows
dGω = dω − ι(vξ)ω = −d〈µ, ξ〉 = −µ∗χG(ξ).
Here χG ∈ Ω3G(g∗) is an equivariant 3-form defined as χG(ξ) = d〈a, ξ〉, where a :
g∗ → g∗ is the identity map. This latter formulation extends to q-Hamiltonian
G-spaces; the relevant dG-closed equivariant 3-form χG ∈ Ω3G(G) is
χG(ξ) = χ+
1
2
(θ + θ, ξ).
3. Examples of q-Hamiltonian G-spaces
3.1. Conjugacy classes in G. Basic examples of Hamiltonian G-spaces are pro-
vided by coadjoint orbits O ⊂ g∗. Their q-Hamiltonian counterparts are conjugacy
classes C ⊂ G.
Proposition 3.1 (Conjugacy classes). For every conjugacy class C ⊂ G there exists
a unique invariant 2-form ω ∈ Ω2(C)G for which C becomes a q-Hamiltonian G-space,
with moment map the embedding µ : C →֒ G. The value of ω at f ∈ C is given on
fundamental vector fields vξ, vη by
ωf(vξ, vη) =
1
2
(
(η,Adf ξ)− (ξ,Adf η)
)
.(9)
The 2-form (9) on conjugacy classes plays an important role in [GHJW].
Proof. Clearly ω is G-invariant. The fact that (9) satisfies condition (B2) is tauto-
logical because
ωf(vξ, vη) =
1
2
(
Adf−1 η −Adf η, ξ) = 1
2
ι(vη)
(
θf + θf , ξ).
To check (B1) consider the projection πf : G → C defined by πf (u) = Adu f . The
pull-back of ω is the left-invariant 2-form
π∗fω =
1
2
(Adf θ, θ).
We have
π∗fdω = dπ
∗
fω = −
1
2
(Adf [θ, θ], θ) +
1
2
(Adf θ, [θ, θ])
Using π∗fθ = Aduf−1 θ − θ one verifies that this last expression is equal to −π∗fχ
which shows (B1). Suppose next that ξ ∈ g is such that vξ is in the kernel of ωf .
By definition of ω this means
Adf ξ − Adf−1 ξ = 0,
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or ξ ∈ ker(Adf2 −1). The kernel of (Adf2 −1) is a direct sum
ker(Adf2 −1) = ker(Adf −1)⊕ ker(Adf +1).
For any ξ ∈ ker(Adf −1) we have vξ(f) = 0. This shows that the kernel of ωf is
given by (B3). Uniqueness of ω is a consequence of (B2) since C is a homogeneous
space.
Remark 3.1. Since the kernel of the 2-form ω on C has constant rank, it defines
a distribution on C. It is integrable, with leaves given by the orbits Ad(Zf2) · f ⊂
Ad(G) · f as f ranges over C. In particular, if f 2 is contained in the center Z(G)
then the 2-form ω on C is identically zero.
3.2. Double D(G). Our next example is a q-Hamiltonian G×G-space which plays
the same role as the cotangent bundle T ∗G in the category of Hamiltonian G-spaces.
Since this new q-Hamiltonian space is a product of two copies of G we often call it
a double of G and denote by D(G) (alluding to the definition of the double in the
theory of Quantum Groups). Let
D(G) := G×G
and let a and b be projections to the first and second factor in the direct product.
Introduce a G×G-action AD on D(G) via
(a, b)(g1,g2) = (g1ag
−1
2 , g2bg
−1
1 ).
Define a moment map µD = (µ1, µ2) : D(G)→ G2 as
µ1(a, b) = ab, µ2(a, b) = a
−1b−1
and let the 2-form ωD be defined by
ωD =
1
2
(a∗θ, b∗θ) +
1
2
(a∗θ, b∗θ).
Proposition 3.2 (The double D(G)). The quadruple (D(G),AD, µD, ωD) is a q-
Hamiltonian G×G-space.
Proof. The equivariance of the moment map is immediate from the definition. Using
µ∗1θ = Adb−1 a
∗θ + b∗θ, µ∗2θ = −Adb a∗θ − b∗θ(10)
we compute
µ∗1χ = a
∗χ+ b∗χ− 1
2
d(a∗θ, b∗θ), µ∗2χ = −a∗χ− b∗χ−
1
2
d(a∗θ, b∗θ)
which gives the required property dωD = −µ∗χ. Next, let ξ = (ξ1, ξ2) ∈ g ⊕ g and
vξ the corresponding vector field on D(G). If ξ2 = 0 we find, using (10),
ι(vξ)ωD =
1
2
( a∗θ + b∗θ +Adb−1 a
∗θ +Ada b
∗θ, ξ1) =
1
2
µ∗1(θ + θ, ξ1).
A similar calculation gives the condition for ξ1 = 0.
Suppose now that v ∈ T(a,b)D(G) is in the kernel of ω. Let (ξ, η) be such that v
is the value at (a, b) of the right-invariant vector field v = (vrξ , v
r
η). The condition
0 = ι(v)ωD|(a,b) = (Ada b∗θ + b∗θ, ξ) + (Adb−1 a∗θ + a∗θ, η)
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gives two equations
ξ +Adab ξ = 0, η +Adab η = 0.
Setting
α =
1
2
(ξ + η) β = −1
2
Adb(ξ − η).
we obtain
ξ = α +Ada β , η = α +Adb−1 β.(11)
Equation (11) says that v is the value at (a, b) of the fundamental vector field for
(α, β). Moreover,
α +Adab α = 0 , β +Ada−1b−1 β = 0.
which shows that (B3) is satisfied.
Remark 3.2. We will also make use of different coordinates on D(G), correspond-
ing to the left trivialization of T ∗G: setting u = a and v = ba the action reads
(u, v)g1,g2 = (g1 u g
−1
2 , Adg2 v),
the moment map is
µ1(u, v) = Adu v, µ2(u, v) = v
−1
and the 2-form is given by
ωD =
1
2
(Adv u
∗θ, u∗θ) +
1
2
(u∗θ, v∗θ + v∗θ).
3.3. From Hamiltonian G-spaces to q-Hamiltonian G-spaces. In this section
we show how to construct a q-Hamiltonian G-space from a usual Hamiltonian G-
space (M,A, σ,Φ). The basic Lemma is (see also Jeffrey [J1])
Lemma 3.3. For s ∈ R let exps : g → G be defined by exps(η) = exp(sη). The
2-form on the Lie algebra g given by
̟ =
1
2
∫ 1
0
(exp∗s θ,
∂
∂s
exp∗s θ)ds
is G-invariant and satisfies d̟ = − exp∗ χ. If vξ is a fundamental vector field for
the adjoint G-action on g we have
ι(vξ)̟ = −d(·, ξ) + 1
2
exp∗(θ + θ, ξ).(12)
We omit the proof at this point since Lemma 3.3 is a consequence of Proposition
8.1 below.
Proposition 3.4. Let (M,A, σ,Φ) be a Hamiltonian G-space. Then M with 2-form
ω = σ + Φ∗̟ and moment map µ = exp(Φ) satisfies all axioms of a q-Hamiltonian
G-space except possibly the non-degeneracy condition, (B3). If the differential dξ exp
is bijective for all ξ ∈ Φ(M), (B3) is satisfied as well and (M,A, ω, µ) is a q-
Hamiltonian G-space.
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Proof. Equivariance of µ is clear and invariance of ω follow from equivariance of exp
and Φ and invariance of ̟. Condition (B1) follows from
dω = dσ + dΦ∗̟ = −Φ∗ exp∗ χ = −µ∗χ,
and (B2) from the calculation
ι(vξ)ω = d(Φ, ξ) +
1
2
Φ∗ exp∗(θ + θ, ξ)− d(Φ, ξ) = 1
2
µ∗(θ + θ, ξ).
To check the non-degeneracy condition (B3) suppose that v ∈ TxM is in the kernel
of ω. Then
ι(v)σx = −ι(v)(Φ∗̟)x.(13)
Since the 1-form on the right hand side annihilates the kernel of dxΦ, this equation
implies that v is σ-orthogonal to ker(dxΦ). By (1) the σ-orthogonal complement
to ker(dxΦ) span of fundamental vector fields vξ(x), ξ ∈ g. Letting v = vξ(x) and
using (B2) we arrive at the condition
Φ∗ exp∗(θ + θ, ξ)x = 0(14)
at x. Pairing with a fundamental vector field vη(x), we find(
η,
(
Adµ(x)2 −1)ξ
)
= 0
for all η, which shows
ξ ∈ ker(Adµ(x)2 −1) = ker(Adµ(x)−1)⊕ ker(Adµ(x)+1).
As we remarked in section 2.2, solutions of Adµ(x) ξ = −ξ lead to elements in the
kernel. Therefore it suffices to consider the case Adµ(x) ξ = ξ, where the condition
(14) reads
(Φ∗(exp∗ θ, ξ))x = 0.
If Φ(x) ∈ g∗ ∼= g is not a singular value of exp this equation says that ξ annihilates
the image of the tangent map dxΦ. By (1) this means ξ ∈ gx, that is vξ(x) = 0, and
the proof is complete.
Remark 3.3. Suppose conversely that (M,A, ω, µ) is a q-Hamiltonian G-space.
Assume also that there exists U ⊂ g such that exp is a diffeomorphism from U onto
some subset V ⊂ G containing µ(M), and let log : V → U be the inverse. Reversing
the argument in the proof of Proposition 3.4 we see that (M,A, ω−µ∗ log∗̟, log(µ))
is a Hamiltonian G-space in the usual sense.
4. Properties of q-Hamiltonian G-spaces
The following result summarizes a number of consequences of Definition 2.2, anal-
ogous to (1) for Hamiltonian G-spaces.
Proposition 4.1. Let (M,A, ω, µ) be a q-Hamiltonian G-space and x ∈ M . For
any subspace E ⊂ TxM let Eω = {v ∈ TxM, ω(v, w) = 0 for all w ∈ E} denote its
ω-orthogonal complement.
1. The map ker(Adµ(x)+1)→ kerωx, ξ 7→ vξ(x) is an isomorphism.
2. ker(dxµ) ∩ kerωx = {0}.
3. im(µ∗θ)x = g
⊥
x .
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4. (ker dxµ)
ω = {vξ(x), ξ ∈ g}.
Proof. Observe first that there is an orthogonal splitting of g,
g = ker(Adµ(x)+1)⊕ im(Adµ(x)+1)
= ker(Adµ(x)+1)⊕ ker(Adµ(x)−1)⊕ im(Adµ(x)2 −1)
and that gµ(x) = ker(Adµ(x)−1).
1. By the non-degeneracy condition (B3) the map is surjective. On the other hand
if vξ(x) = 0 then vξ(µ(x)) = 0 by equivariance of the moment map or equivalently
ξ ∈ ker(Adµ(x)−1) ⊂ im(Adµ(x)+1). This shows injectivity.
2. Let v ∈ ker(dxµ) ∩ kerωx. By 1. we can write v = vη with η ∈ ker(Adµ(x)+1).
By equivariance of the moment map, 0 = dxµ(vη(x)) = vη(µ(x)), which shows
η ∈ gµ(x) = ker(Adµ(x)−1). Thus η = 0 and consequently v = 0.
3. Using the defining equation for the moment map,
ω(vξ, v) =
1
2
ι(v)µ∗(θ + θ, ξ) =
1
2
(
(Adµ+1)ι(v)µ
∗θ, ξ
)
and Property 1. we have
im(µ∗θ)x ∩ im(Adµ(x)+1) = (Adµ(x)+1) im(µ∗θ)x = {ξ, vξ(x) ∈ kerωx}⊥
= (gx ⊕ ker(Adµ(x)+1))⊥ = g⊥x ∩ im(Adµ(x)+1).
On the other hand, equivariance of the moment map together with (6) shows that
im(µ∗θ)x ⊃ im(Adµ(x)−1 −1) = ker(Adµ(x)−1)⊥ ⊃ ker(Adµ(x)+1).
Since gx ⊂ gµ(x) = ker(Adµ(x)−1) ⊂ im(Adµ(x)+1) so that also g⊥x ⊃ ker(Adµ(x)+1)
these two equations prove 3.
4. The inclusion ⊃ is a direct consequence from the defining property (B2) of the
moment map. Equality follows by dimension count: Using 2. and 3., we have
dim(ker dxµ)
ω = dimM − dimker(dxµ) = dim im(dxµ) = dim g− dim gx.
Remark 4.1. We shall also need the following refinement of Property 4.: Suppose
that G is a product G = G1 × G2, and let µ = (µ1, µ2) be the components of the
moment map. Then
(ker dxµ1)
ω = {vξ, ξ ∈ g1}+ kerωx.
To see this note that as a direct consequence of Property 3., im(dxµ1) = g
⊥
x ∩ g1 =
(g1)
⊥
x ∩ g1 which implies the above equation by dimension count.
Proposition 4.2. Let (Mj ,Aj, ωj, µj) (j = 1, 2) be q-Hamiltonian G-spaces, and
F : M1 → M2 an equivariant smooth map such that F ∗ω2 = ω1 and F ∗µ2 = µ1.
Then F is an immersion.
Proof. Let x ∈ M . Since F ∗ω2 = ω1 we have ker dxF ⊂ ker(ω1)x. Since F ∗µ2 = µ1,
Lemma 4.1 shows that dxF restricts to an isomorphism ker(ω1)x ∼= ker(ω2)F (x). It
follows that ker dxF ∩ ker(ω1)x = {0}.
Corollary 4.3. If (M,A, ω, µ) is a q-Hamiltonian G-space on which G-acts transi-
tively, the moment map µ is a covering onto a conjugacy class C ⊂ G.
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Proof. Let x ∈ M and f = µ(x). By equivariance µ is a submersion from M onto
C = Ad(G)·f . (B2) shows that ω is the pull-back by µ of the 2-form on C. Therefore
µ is an immersion by Proposition 4.2.
Proposition 4.4 (Inversion). If (M,A, ω, µ) is a q-Hamiltonian G-space then the
quadruple (M,A,−ω, µ−1), is also a q-Hamiltonian G-space.
Proof. This is an immediate consequence of the fact that under the inversion map
Inv : G→ G, g 7→ g−1
Inv∗ θ = −θ, Inv∗ θ = −θ, Inv∗ χ = −χ.
We denote the q-Hamiltonian G-space given in Proposition 4.4 byM−. Note that
if C is the conjugacy class of f ∈ G then C− is the conjugacy class of f−1.
All of the above results are natural analogues of well-known facts about Hamil-
tonian G-spaces. The following Theorem introduces a nontrivial automorphism of
q-Hamiltonian G-spaces that does not have a counterpart for Hamiltonian G-spaces.
As we shall see later, this automorphism corresponds to Dehn twists of 2-manifolds.
Theorem 4.5 (Twist automorphism). Let (M,A, ω, µ) be a q-Hamiltonian G-
space. The map
Q : M → M, x 7→ xµ(x)
is a diffeomorphism satisfying Q∗ω = ω, Q∗µ = µ.
Proof. By equivariance of the moment map, Q∗µ = Ad(µ)µ = µ. The map x 7→
xµ(x)
−1
is an inverse to Q so that Q is a diffeomorphism. The tangent map to Q is
given by
dxQ(v) = dxAµ(x)v + vξ(Q(x))
where ξ = ι(v)(µ∗θ)x ∈ g. Letting vj ∈ TxM be two tangent vectors and ξj =
ι(vj)(µ
∗θ)x, we find that the expression Q
∗ωx(v1, v2) = ωQ(x)(dxQ(v1), dxQ(v2)) is
the sum of the following four terms:
ωQ(x)(dxAµ(x)v1, dxAµ(x)v2) = ωx(v1, v2)
plus
1
2
ωQ(x)(vξ1(Q(x)), dxAµ(x)v2) =
1
2
ι(dxAµ(x)v2)µ∗(θ + θ, ξ1)Q(x)
=
1
2
ι(v2)µ
∗(θ + θ,Ad(g−1)ξ1)x
=
1
2
(Ad(µ(x)−1)ξ2 − ξ2,Ad(µ(x)−1)ξ1)
=
1
2
(ξ1, ξ2 − Ad(µ(x))ξ2)
minus the same term with v1, v2 exchanged, plus
1
2
ι
(
vξ2(Q(x))
)
µ∗(θ + θ, ξ1)Q(x) =
1
2
(ξ1,Ad(µ(x)
−1)ξ2 −Ad(µ(x))ξ2).
Adding up all contributions we find Q∗ωx(v1, v2) = ωx(v1, v2).
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Remark 4.2. If G is a product G = G1×G2 one has a twist automorphism for every
factor: That is, both maps x 7→ xµj(x) are equivariant diffeomorphisms preserving µ
and ω.
On q-Hamiltonian G-spaces one can define G-invariant Hamiltonian vector fields.
Proposition 4.6 (Hamiltonian dynamics). Let (M,A, ω, µ) be a q-Hamiltonian G-
space. For every G-invariant function F ∈ C∞(M,R)G there is a unique smooth
vector field vF satisfying the following conditions:
ι(vF )ω = dF , ι(vF )µ
∗θ = 0.(15)
The vector field vF is G-invariant and preserves ω and µ.
Proof. By Proposition 4.1, Property 1 the map
A : TM → T ∗M ⊕ g, v 7→ (ι(v)ω, ι(v)µ∗θ).
is injective. Its image defines a smooth sub-bundle E ⊂ T ∗M ⊕ g. We need to
show that x 7→ (dxF, 0) defines a section of E, the corresponding vector field vF is
then just the pre-image under A. Since F is G-invariant, dxF annihilates the space
{vξ(x), ξ ∈ g} ⊂ TxM and in particular the kernel kerωx. This shows that dxF is
contained in the image of the map TxM → T ∗xM, v 7→ ι(v)ωx. Let v0 ∈ TxM with
dxF = ι(v0)ωx. and set ξ := ι(v0)(µ
∗θ)x. For all η ∈ g we have, using once again
that F is invariant,
0 = ι(vη)dxF = −ι(v0)ι(vη)ωx = −1
2
ι(v0)µ
∗(θ + θ, η)x = −1
2
(ξ +Adµ(x)−1 ξ, η)
which shows ξ ∈ ker(Adµ(x)+1). Consequently v1 := vξ(x) ∈ kerωx and v = v0+ 12 v1
still solves ι(v)ωx = dxF . Using (B2) we have
ι(v)(µ∗θ)x = ι(v0 +
1
2
v1)(µ
∗θ)x = ξ +
1
2
(Adµ−1 ξ − ξ) = ξ − ξ = 0
so that v solves A(v) = (dxF, 0). This shows that (dxF, 0) is in the image of A.
G-invariance of vF follows by the G-invariance of its defining equations. The
equation
LvFω = (dι(vF ) + ι(vF )d)ω = ddF − ι(vF )µ∗χ = 0
shows that the 2-form ω is vF -invariant. Invariance of µ is equivalent to invariance
of the G-valued 1-form µ∗θ:
LvFµ∗θ = (dι(vF ) + ι(vF )d)µ∗θ = −
1
2
ι(vF )µ
∗[θ, θ] = 0.
5. q-Hamiltonian reduction
In this Section we show that the usual Hamiltonian (Meyer-Marsden-Weinstein)
reduction procedure can be carried out for q-Hamiltonian G-spaces. We assume that
G is a product G = G1 × G2 and we consider reductions with respect to the first
factor. Given f ∈ G1 let Zf ⊂ G1 be its centralizer and zf the Lie algebra. Let M
be a q-Hamiltonian G1×G2-space, with moment map (µ1, µ2). Suppose that f ∈ G1
is a regular value of µ1, so that µ
−1
1 (f) is a smooth submanifold. Proposition 4.1
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shows that for all x ∈ µ−11 (f), the isotropy algebra (g1)x is trivial, i.e. (G1)x ⊂ Zf
is a discrete subgroup. It follows that the reduced space Mf = µ
−1
1 (f)/Zf is an
G2-equivariant orbifold. Not surprisingly Mf is a q-Hamiltonian G2-space:
Theorem 5.1 (q-Hamiltonian reduction). Let M be a q-Hamiltonian G1×G2-space
and let f ∈ G1 be a regular value of the moment map µ1 : M → G1. Then the pull-
back of the 2-form ω to µ−11 (f) descends to the reduced space
Mf = µ
−1
1 (f)/Zf
and makes it into a q-Hamiltonian G2-space. In particular, if G2 = {e} is trivial
then Mf is a symplectic orbifold.
Proof. Let ι : µ−11 (f) →֒ M denote the embedding and π : µ−11 (f) → Mf the
projection. The form ι∗ω is Zf × G2-invariant because ω is G1 × G2-invariant.
Moreover if ξ ∈ zf ,
ι(vξ)ι
∗ω = ι∗ι(vξ)ω = ι
∗µ∗1(θ + θ, ξ) = 0
(because µ1 ◦ ι : µ−11 (f)→ {f}) implies that ι∗ω is Zf -basic. Let ωf ∈ Ω2(Mf )G2 be
the unique 2-form such that π∗ωf = ι
∗ω. The restriction ι∗µ2 is Zf × G2-invariant
and descends to an equivariant map (µ2)f ∈ C∞(Mf , G2)G2 satisfying (B2). Letting
χ1, χ2 be the canonical 3-forms for G1, G2, we have
π∗dωf = dι
∗ω = ι∗dω = −ι∗(µ∗1χ1 + µ∗2χ2) = −ι∗µ∗2χ2 = −π∗(µ2)∗fχ2
so that ωf satisfies (B1). Finally, we need to check the non-degeneracy condition
(B3) for ωf . The kernel of ωf at a point π(x) ∈ Mf is just the projection of
dxπ ker(ι
∗ω)x. Using Remark 4.1,
ker(ι∗ω)x = ker(dxµ1) ∩ ker(dxµ1)ω
= ker(dxµ1) ∩
({vξ(x), ξ ∈ g1}+ kerωx)
= Tx(Zf · x) + {vη(x)| η ∈ ker(Adµ2(x)+1)}.
Remark 5.1. The proof shows that ifM satisfies the conditions for a q-Hamiltonian
G1×G2-space except for (B3), the reduced spaceMf is still well-defined and satisfies
(B1) and (B2).
Let us consider a few examples of q-Hamiltonian reduction.
Example 5.1. 1. For a conjugacy class M = C ⊂ G, the reduced space Mf is a
point if f ∈ C, empty otherwise.
2. Let M = D(G) be the double defined in the previous section, with moment
map µD = (µ1, µ2). Consider the reduction with respect to the second G-factor,
µ−12 (f)/Zf . Since µ
−1
2 (f) = {(a, f−1a−1)| a ∈ G}, with Zf acting diagonally
from the right and the first G acting diagonally from the left we find that the
reduced space is the conjugacy class through the element f−1.
3. It follows from the proof that if M satisfies (B1) and (B2) but not necessarily
(B3), the reduced space Mf is still well-defined and satisfies (B1),(B2). For
example let (M,A, σ,Φ) be a Hamiltonian G-space, and let (M,A, ω, µ) be the
q-Hamiltonian G-space obtained from it, with µ = exp(Φ) and ω = σ + Φ∗̟.
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Recall that even if σ is non-degenerate ω can fail to satisfy condition (B3).
Suppose f is a regular value of both µ : M → G and exp : g → G. Then
all pre-images µ ∈ exp−1(f) are regular values of Φ, and the q-Hamiltonian
reduction Mf is symplectic and is a disjoint union
Mf =
∐
exp µ=f
Mµ.
This follows from the fact that the pull-back of the extra term Φ∗̟ to µ−1(f)
vanishes.
Remark 5.2. The q-Hamiltonian structure on Mf can also be obtained as follows.
Let τ be the 2-form on the conjugacy class C = Ad(G) · f and let ι : µ−11 (C) → M
and π : µ−11 (C)→ µ−11 (C)/G be the embedding and projection. Then
π∗ωf = ι
∗(ω − µ∗τ).
Remark 5.3 (Hamiltonian Dynamics commutes with reduction). The Hamilton-
ian dynamics defined on M by a G1 × G2-invariant Hamiltonian F descends to
the reduced space Mf . Indeed, the corresponding vector field vF descends to µ
−1
1 (f)
because it is G-invariant and tangent to µ−11 (f). Moreover, the restriction of the
G1 × G2-invariant function F to µ−11 (f) is Zf × G2-invariant and descends to an
G2-invariant function Ff on Mf satisfying
π∗dFf = ι
∗dF = ι∗ι(vF )ω = π
∗ι(π(vFf ))ωf
and
π∗ι(vFf )(µ2)
∗
fθ = ι(vF )ι
∗µ∗2θ = 0.
It follows that G1 ×G2-invariant Hamiltonian dynamics commutes with reduction.
6. Fusion product
In this section we introduce a ring structure on the category of q-Hamiltonian G-
spaces. We call it a fusion product because it provides a finite-dimensional “classical
analogue” to fusion products of representations of quantum groups at roots of unity,
and to fusion products of positive energy representations of loop groups (see [MW1]
and Section 8 below).
Theorem 6.1 (Fusion product). Let M be a q-Hamiltonian G×G×H-space, with
moment map µ = (µ1, µ2, µ3). Let G × H act by the diagonal embedding (g, h) →
(g, g, h). Then M with 2-form
ω˜ = ω +
1
2
(µ∗1θ, µ
∗
2θ)(16)
and moment map
µ˜ = (µ1 · µ2, µ3) : M → G×H(17)
is a q-Hamiltonian G×H-space.
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Proof. The moment map µ˜ is equivariant because the group multiplication is an
equivariant map with respect to the action by conjugations. Property (B1) follows
from
(g1g2)
∗χ = g∗1χ+ g
∗
2χ−
1
2
d (g∗1θ, g
∗
2θ).(18)
thus
dω = −µ∗1χ− µ∗2χ− µ∗3χ+
1
2
d(µ∗1θ, µ
∗
2θ) = −µ˜∗χ.
For ξ ∈ g and η ∈ h let v1ξ , v2ξ and vη denote the fundamental vector fields for the
action of the respective factors of G×G×H . The fundamental vector field for the
diagonal G-action is just the sum vξ = v
1
ξ + v
2
ξ . Clearly
ι(vη)ω˜ = ι(vη)ω =
1
2
µ∗3(θ + θ, η)
which verifies (B2) for the H-factor. Moreover,
ι(vξ)ω˜ = ι(v
1
ξ )ω + ι(v
2
ξ )ω +
1
2
(µ∗1ι(vξ)θ, µ
∗
2θ)−
1
2
(µ∗1θ, µ
∗
2ι(vξ)θ)
=
1
2
µ∗1(θ + θ, ξ) +
1
2
µ∗2(θ + θ, ξ) +
1
2
(Adµ−1
1
ξ − ξ, µ∗2θ)−
1
2
(µ∗1θ, ξ − Adµ2 ξ)
=
1
2
(µ1µ2)
∗(θ + θ, ξ).
Finally, we need to check that ω˜ satisfies the non-degeneracy condition (B3). Sup-
pose the vector v ∈ TxM is in the kernel of ω˜x (We will omit the basepoint x to
simplify notation):
0 = ι(v)ω˜ = ι(v)ω +
1
2
(ι(v)µ∗1θ, µ
∗
2θ)−
1
2
(µ∗1θ, ι(v)µ
∗
2θ).(19)
Let ζ ∈ ker(Adµ1 +1), so that v1ζ ∈ kerωx. Contracting (19) with vζ we find
0 = ι(v1ζ ) (µ
∗
1θ, ι(v)µ
∗
2θ) = ((Adµ−1
1
−1)ζ, ι(v)µ∗2θ) = −2(ζ, ι(v)µ∗2θ).
This shows
ι(v)µ∗2θ ∈ ker(Adµ1 +1)⊥ = im(Adµ1 +1).
A similar argument applies to ι(v)µ∗1θ. We can therefore choose ξ1, ξ2 ∈ g with
ι(v)µ∗2θ = (Adµ−1
1
+1)ξ1, ι(v)µ
∗
1θ = −(Adµ2 +1)ξ2(20)
which turns (19) into
ι(v)ω =
1
2
µ∗1(θ + θ, ξ1) +
1
2
µ∗2(θ + θ, ξ2) = ι(v
1
ξ1
)ω + ι(v2ξ2).
Changing ξ1, ξ2 if necessary it follows that v = v
1
ξ1
+ v2ξ2 + vη for suitable ξ1, ξ2 ∈ g
and η ∈ ker(Adµ3 +1). Re-inserting this into equations (20) we find
(1−Adµ2)ξ2 = (1 + Adµ−1
1
)ξ1, (1 + Adµ2)ξ2 = (1−Adµ−1
1
)ξ1.
Adding these equations gives ξ1 = ξ2, and then either equation shows the non-
degeneracy condition
Adµ1µ2 ξ = −ξ.
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We call the operation of replacing the G×G×H-action by the G×H-action on
a manifold M internal fusion, and denote the resulting space by M12 (in particular
if there are more G-factors involved). Given two q-Hamiltonian G×Hj-spaces Mj
we define their fusion product M1⊛M2 to be the q-Hamiltonian G×H1×H2-space
obtained from the q-Hamiltonian G × H1 × G × H2-space M1 ×M2 by fusing the
G-factors.
Remark 6.1. 1. Let {pt} denote the trivial G-space, with moment map pt 7→ e.
Then M ⊛ {pt} = M = {pt}⊛M for every q-Hamiltonian G-space M .
2. Suppose M is a q-Hamiltonian G×G×H-space. Then (M−)12 = (M21)−.
The fusion operation is associative: Given q-Hamiltonian G × Hj-spaces Mj we
have
(M1 ⊛M2)⊛M3 = M1 ⊛ (M2 ⊛M3)
More generally ifM is a q-Hamiltonian G×G×G×H-space, the two q-Hamiltonian
G × H-spaces M(12)3 obtained by first fusing the first two G-factors and M1(23)
obtained by first fusing the last two G-factors are identical. The new 2-form on M
in either case is given by
ω +
1
2
(µ∗1θ, µ
∗
2θ) +
1
2
(µ∗2θ, µ
∗
3θ) +
1
2
(µ∗1θ,Adµ2 µ
∗
3θ).
We shall now show that the fusion product is also commutative on isomorphism
classes of q-Hamiltonian G-spaces. Switching the two G-factors in Theorem 6.1
before fusing we obtain a Hamiltonian G×H-space M21 with the same action, but
moment map (µ2 · µ1, µ3) and 2-form
ω +
1
2
(µ∗2θ, µ
∗
1θ).
If G is non-commutative the identity mapM →M does not provide an isomorphism.
However, we have the following result. Let A1,A2 : G→ Diff(M) denote the actions
of the two G-factors.
Theorem 6.2 (Commutativity of the Fusion Product). Under the hypotheses of
Theorem 6.1 the map
R : M →M, x 7→ A2µ1(x)(x)
is a G×H-equivariant diffeomorphism satisfying
R∗(µ2µ1) = µ1µ2, R
∗µ3 = µ3,(21)
R∗
(
ω +
1
2
(µ∗2θ, µ
∗
1θ)
)
= ω +
1
2
(µ∗1θ, µ
∗
2θ).(22)
Thus R gives an isomorphism R : M12 → M21 of q-Hamiltonian G×H-spaces.
Proof. By equivariance of the moment map R is G×H-equivariant, and we have
R∗µ1 = µ1, R
∗µ2 = Ad(µ1)µ2, R
∗µ3 = µ3.
proving (21). To prove (22) we note that the tangent map to R is
dxR(v) = dxA2µ1(x)(v) + v2ξ (R(x))
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where v2ξ is the fundamental vector field of ξ := ι(v)(µ
∗
1θ)x with respect to A2. By
a calculation similar to that in the proof of Theorem 4.5 we find
(R∗ω)(v1, v2) = ω(v1, v2) +
1
2
(
Ad(µ−11 )ξ1, ξ2 +Ad(µ2)ξ2
)
−1
2
(
Ad(µ−11 )ξ2, ξ1 +Ad(µ2)ξ1
)
− 1
2
(
ξ1,Ad(µ2)ξ2 −Ad(µ−12 )ξ2
)
with ξj = ι(vj)(µ
∗
1θ), thus
R∗ω = ω +
1
2
(µ∗1θ, µ
∗
2(θ + θ)−Ad(µ2)µ∗1θ).(23)
Furthermore
R∗µ∗1θ = µ
∗
1θ
R∗µ∗2θ = −µ∗1θ +Ad(µ1µ−12 )µ∗1θ +Ad(µ1)µ∗2θ
so that
R∗(µ∗2θ, µ
∗
1θ) = (Ad(µ
−1
2 )µ
∗
1θ + µ
∗
2θ, µ
∗
1θ) = (µ
∗
1θ, Ad(µ2)µ
∗
1θ − µ∗2θ).(24)
Adding (23) +1
2
(24) proves the theorem.
We leave it to the reader to check that the map
R′ : M →M, x 7→ A1µ2(x)−1(x)
has just the same properties (21), (22) as the map R. We will call R,R′ braid
isomorphisms.
Example 6.1. Let us apply internal fusion to the double D(G). Fusing the two
G-factors we get a q-Hamiltonian G-space D(G) := D(G)12 which is just G
2, with
G-action
(a, b)g = (Adg a,Adg b),
moment map
µ(a, b) = aba−1b−1 ≡ [a, b],
and 2-form
ω =
1
2
(a∗θ, b∗θ) +
1
2
(a∗θ, b∗θ) +
1
2
((ab)∗θ, (a−1b−1)∗θ).
The braid isomorphisms in this case are given by
R : D(G)→ D(G), (a, b) 7→ (ab−1a−1, ab2)
R′ : D(G)→ D(G), (a, b) 7→ (a−1b−1a, b2a)
Remark 6.2. It is interesting to re-examine q-Hamiltonian reduction in connection
with fusion. Suppose M is a q-Hamiltonian G × G × H-space, with moment map
(µ1, µ2, µ3). Suppose that e is a regular value of µ := µ1µ2. Then the diagonal
action of G on µ−1(e) is locally free, hence M// diag(G) := µ−1(e)/ diag(G) is an
H-equivariant orbifold and µ3 descends toM// diag(G). We claim that the pull-back
of ω to µ−1(e) is basic and that the induced form ω// diag(G) makes M// diag(G)
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into a q-Hamiltonian H-space. In fact, since the pull-back of the additional term in
(16) to µ−1(e) vanishes, the claim follows immediately from
M// diag(G) = (M12)e.
Let us also observe that just as in the category of Hamiltonian G-spaces there is
a shifting-trick for q-Hamiltonian reduction: If (M,A, ω, µ1, µ2) is a q-Hamiltonian
G×H-space, then f is a regular value for µ1 if and only if the identity e is a regular
value for the moment map on M ⊛ C− where C = Ad(G) · f , and in this case there
is a canonical isomorphism
Mf ∼= (M ⊛ C−)e = (M × C−)// diag(G).
7. Cross-sections and convexity
One of the basic tools in the study of Hamiltonian G-spaces is the cross-section
Theorem of Guillemin-Sternberg, which is a method of reducing problems to sub-
groups of G.
In this section we prove a cross-section Theorem for q-Hamiltonian G-spaces and
explain its relation to convexity theorems for the moment map.
Let (M,A, ω, µ) be a q-Hamiltonian G-space and let f ∈ G. Since the centralizer
Zf ⊂ G is transversal to the conjugacy class C = Ad(G) · f there exists an open
Zf -invariant subset U ⊂ Zf containing f and and an equivariant diffeomorphism
G×Zf U → G, [g, u] 7→ g u
onto an open subset of G. By equivariance of µ, the pre-image µ−1(Zf) is a smooth
Zf -equivariant submanifold Y ⊂ M , and there is a natural diffeomorphism G ×Zf
Y → M onto an open subset. In analogy to the cross-section theorem of Guillemin-
Sternberg we have
Proposition 7.1 (Cross-section theorem). Let (M,A, ω, µ) be a q-Hamiltonian G-
space, and f ⊂ G, U ⊂ Zf as above. Then the cross-section Y := µ−1(U) is a smooth
Zf -invariant submanifold, and is a q-Hamiltonian Zf -space with the restriction of µ
as a moment map. In particular, if Zf is abelian the cross-section is symplectic.
Proof. All conditions for a q-Hamiltonian Zf -space are immediate except the non-
degeneracy condition (B3). Let ι : Y → M be the inclusion. For all y ∈ Y the
tangent space Tµ(y)G splits into a direct sum
Tµ(y)G = TyC ⊕ {vξ(µ(y))| ξ ∈ z⊥f }.
Consequently
TyM = TyY ⊕ {vξ(y)| ξ ∈ z⊥f }.(25)
The second summand is mapped under dyµ to a subspace of the tangent space to
conjugacy class Ad(G) · µ(y). If v ∈ TyY , ξ ∈ z⊥f we have
ω(vξ, v) =
1
2
ι(v)µ∗(θ + θ, ξ) = 0
because ι(dyµ(v))(θ+ θ) ∈ zf , so that the decomposition (25) is ω-orthogonal. Thus
if v ∈ ker ι∗ω then also v ∈ kerω. Using that M satisfies (B3) this shows v = vξ for
some ξ ∈ zf satisfying Ad(µ(x))ξ = −ξ.
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Remark 7.1. Instead of the restriction µ|Y , one can also use the shifted moment
map µˆ = f−1(µ|Y ). It satisfies µˆ(x) = e for all x ∈ µ−1(f). Remark 3.3 applies and
shows that Y is locally equivalent near µ−1(f) ⊂ Y to a Hamiltonian Zf -space in
the usual sense.
Suppose now that the group G is in addition connected and simply connected.
Then there are canonical choices for the cross-sections constructed as follows. Let
T ⊂ G be a maximal torus of G, with Lie algebra t, and t+ some choice of a positive
Weyl chamber. Every Ad(G)-orbit in g passes through a unique point of t+ so that
t+ = g/Ad(G). Let A ⊂ t+ be the fundamental Weyl alcove. Every conjugacy class
C ⊂ G contains a unique point of exp(A) ⊂ T so that we can identify
A = G/Ad(G)
as the space of conjugacy classes. For every open face σ ⊂ A the centralizer Zexp(ξ)
with ξ ∈ σ is independent of ξ and will be denoted Zσ. For σ in the interior of A
we have Zσ = T . Introducing a partial order be setting σ  τ if σ ⊇ τ we have
σ  τ ⇒ Zσ ⊂ Zτ , in particular every Zσ contains T . Let us write
Aσ =
⋃
τ≻σ
τ
and
Uσ = Ad(Zσ) exp(Aσ).
Then Uσ ⊂ Zσ ⊂ G is smooth, and is a slice for the Ad(G)-action at points in σ. In
particular, for every g ∈ Uσ we have Ad(G)g ∩ Uσ = Ad(Zσ)g.
Remark 7.2. Let us consider in particular the cross-section Y = Yσ for σ = intA.
The T -action over Y extends by equivariance to a G-equivariant T -action over the
open subset G · Y ⊂ M . In fact, it is Hamiltonian in the sense of Proposition 4.6.
To see this let q : G→ G/Ad(G) ∼= A be the quotient map. Note that q is smooth
over G ·Uσ for σ = intA. Using 7.1, it is clear that the components of q ◦µ generate
the T -action just described. In the case of moduli space these T -actions are known
as the Goldman flows [G]. See e.g. [MW1] for a discussion and references.
The above fact that the cross-sections are equivalent, after shift of the moment
map, to Hamiltonian spaces in the usual sense implies in particular that Kirwan’s
theorem on convexity and connectedness of fibers of moment maps applies to every
connected component of the cross-section.
Using an argument as in [MW1] we can show that the cross-sections for a con-
nected, simply connected compact Lie group are necessarily connected, which then
has the following consequence.
Theorem 7.2 (Convexity Theorem). Let (M,A, ω, µ) be a connected q-
Hamiltonian G-space, where G is compact, connected and simply connected.
Then all fibers of the moment map µ are connected, and the intersection µ(M) ∩ A
is a convex polytope.
We will not give the detailed argument here since, as the following section shows,
it is indeed just a translation of the argument given in [MW1] into the terminology
of q-Hamiltonian G-spaces. Note that the fibers of µ are not necessarily connected
if G is for instance a torus.
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8. Relation to Hamiltonian LG-spaces
In this Section we prove that there exists a one-to-one correspondence between
q-Hamiltonian G-spaces and Hamiltonian LG-spaces with proper moment map. So,
one always has a choice either to work with infinite-dimensional objects (LG-spaces)
and more conventional definitions (Hamiltonian spaces) or to use finite-dimensional
objects and the new definitions (q-Hamiltonian G-spaces).
8.1. Loop group LG: notations. Let G be a compact Lie group. We define the
loop group LG as a space of maps
LG = Map(S1, G)
of a fixed Sobolev class λ > 1/2. Then LG consists of continuous maps and the
group multiplication is defined pointwise. Its Lie algebra is the space of maps
Lg = Ω0(S1, g) of Sobolev class λ. We define Lg∗ as the space of 1-forms
Lg∗ = Ω1(S1, g)
of Sobolev class λ− 1. The natural pairing of Lg∗ and Lg given by
〈A, ξ〉 =
∮
S1
(A, ξ)
makes Lg∗ into a subset of the topological dual (Lg)∗.
We view Lg∗ as the affine space of connections on the trivial bundle S1 ×G and
let the loop group LG act by gauge transformations:
Ag = Adg A− g∗θ.
Let
Hol : Lg∗ → G
denote the holonomy map. Recall that if we identify S1 ∼= R/Z and let s ∈ R denote
the local coordinate, Hol = Hol1 where Hols : Lg
∗ → G is defined as the unique
solution of the differential equation
Hols(A)
−1 ∂
∂s
Hols(A) = A, Hol0(A) = e.
On constant connections A = ξds (for ξ ∈ g) the holonomy map restricts to the
exponential map: Hols(ξds) = exp(sξ). The map Hols satisfies the equivariance
condition
Hols(A
g) = g(0) Hols(A) g(s)
−1,(26)
in particular the holonomy map Hol = Hol1 is equivariant with respect to the
evaluation homomorphism LG→ G, g 7→ g(1) and the adjoint action of G on itself.
Let the based loop group ΩG ⊂ LG be defined as the kernel of the evaluation
mapping LG → G, g 7→ g(1). Then LG is a semi-direct product LG = ΩG ⋊ G.
The action of ΩG on Lg∗ is free, and the quotient map is just the holonomy map.
Thus Hol : Lg∗ → G is the universal ΩG-principal bundle. Consider now the closed
three-form χ ∈ Ω3(G). Since Lg∗ is an affine space the pull-back Hol∗ χ to Lg∗
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is exact. An explicit potential for Hol∗ χ is given as follows. Define the following
2-form on Lg∗:
̟ =
1
2
∫ 1
0
ds (Hol∗s θ,
∂
∂s
Hol∗s θ).
Proposition 8.1. The 2-form ̟ is LG-invariant and its differential is given by
d̟ = −Hol∗ χ.(27)
Its contraction with a fundamental vector field vξ (ξ ∈ Lg) is given by
ι(vξ)̟ = −d
∮
S1
(A, ξ) +
1
2
Hol∗(θ + θ, ξ(0))(28)
The proof of this proposition is deferred to the appendix.
8.2. Equivalence theorem.
Definition 8.2. A Hamiltonian LG-space is a Banach manifold N together with
an LG-action A, an invariant 2-form σ ∈ Ω2(M)LG, and an equivariant map Φ ∈
C∞(N,Lg∗)LG such that:
(C1) The 2-form σ is closed.
(C2) The map Φ is a moment map for the LG-action A:
ι(vξ)σ = d
∮
S1
(m, ξ).
(C3) The form σ is weakly non-degenerate, that is, the induced map σ♭x : TxN →
T ∗xN is injective.
We will show in this section that every Hamiltonian LG-space with proper moment
map determines a q-Hamiltonian G-space and vice versa. Since the action of the
based loop group ΩG ⊂ LG on Lg∗ is free, its action on N is free as well and we
can form the quotient
M = Hol(N) := N/ΩG.
If the moment map Φ is proper then Hol(N) is a smooth finite-dimensional manifold.
We denote by Hol the projection Hol : N → Hol(N). Since G = LG/ΩG the
diagram
LG×N

// N

G×Hol(N) // Hol(N)
(29)
defines a G-action Hol(A) on Hol(N) and the diagram
N

// Lg∗

Hol(N) // G
(30)
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a G-equivariant map Hol(Φ) : Hol(N) → G. The following result says that
holonomy manifolds of Hamiltonian LG-spaces with proper moment maps carry
canonically the structure of q-Hamiltonian G-spaces.
Theorem 8.3 (Equivalence Theorem). Let (N,A, σ,Φ) be a Hamiltonian LG-
space with proper moment map and let M = Hol(N) be its holonomy manifold,
with G-action A = Hol(A) and map µ := Hol(Φ). The 2-form on N
σ + Φ∗̟(31)
is basic with respect to the projection Hol : N → M , and is therefore the pull-
back Hol∗ ω of a unique 2-form ω on M . Then (M,A, ω, µ) is a q-Hamiltonian
G-space. Conversely, given a q-Hamiltonian G-space (M,A, ω, µ) there is a unique
Hamiltonian LG-space (N,A, σ,Φ) such that M is its holonomy manifold.
Proof. Since ̟ is LG-invariant the 2-form (31) is LG-invariant. Moreover if ξ ∈ Lg,
we have by (28)
ι(vξ)(σ + Φ
∗̟) = d〈Φ, ξ〉+ Φ∗ι(vξ)̟(32)
=
1
2
Φ∗Hol∗(θ + θ, ξ(0)) =
1
2
Hol∗ µ∗(θ + θ, ξ(0)).
This shows that σ+Φ∗̟ is basic, and that the 2-form ω on M defined by it satisfies
condition (B2). Condition (B1) is a consequence of dσ = 0 and (27):
Hol∗ dω = dHol∗ ω = dσ + Φ∗d̟ = −Φ∗Hol∗ χ = −Hol∗ µ∗χ.
It remains to check the non-degeneracy condition (B3). The kernel of ω is the push-
forward by the tangent map dHol of the kernel of the form σ + Φ∗̟. Suppose
v ∈ TyN is in the kernel. Then
ι(v)σy = −ι(v)Φ∗̟.
Since the 1-form on the right hand side annihilates the kernel of dyΦ this equation
says v ∈ ker(dyΦ)σ. Using cross-sections for Hamiltonian LG-actions [MW1, MW2]
one sees that ker(dyΦ)
σ = Ty(LG · y), just as for finite dimensional Hamiltonian
G-spaces. Hence there exists ξ ∈ Lg with v = vξ(y). By (32) we arrive at the
condition
Φ∗Hol∗(θ + θ, ξ(0)) = 0.
Applying an arbitrary vector field vη to the left hand side one finds that
ξ(0) ∈ ker(Adf2 −1) = ker(Adf −1)⊕ ker(Adf +1)
where f := Hol(Φ(y)). For every ξ with ξ(0) ∈ ker(Adf +1), the vector vξ is in
the kernel of σ˜ and the projection by dHol of such vectors is the space {vη ∈
THol(y)M, η ∈ ker(Adf −1)}. It remains to show that if ξ(0) ∈ ker(Adf −1) and
vξ ∈ ker σ˜ then ξ(0) = 0, so that vξ(y) ∈ Ty(ΩG · y). Let η ∈ Lg be defined by
η(s) := Ad
(
Hols(Φ(y))
)
ξ(0).
Since η− ξ ∈ Ωg the fundamental vector field vη(y) still lies in ker σ˜y. On the other
hand, using Proposition 8.1 and Lemma A.1 in the Appendix the value at Φ(y) of the
fundamental vector field vη on Lg
∗ lies in ker̟Φ(y). Therefore vη ∈ ker σy, and by
non-degeneracy of σy finally vη(y) = 0. This completes the proof that (M,A, ω, µ)
is a q-Hamiltonian G-space.
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Suppose conversely that we are given a q-Hamiltonian G-space (M,A, ω, µ). De-
fine N as the pull-back of the universal ΩG-principal bundle Hol : Lg∗ → G by the
map µ. In other words, N is given by the fiber product diagram (30). Define Φ as
the upper horizontal arrow in (30). There is a unique LG-action A on N such that
Φ is equivariant and such that the diagram (29) commutes. Explicitly, it is induced
from the LG-action on M × Lg∗ given by
g : (x,A)→ (xg(0), Ag).
The 2-form σ is reconstructed from equation (31):
σ = Hol∗ ω − Φ∗̟.
where Hol is the left vertical projection in (30). The above argument, read backwards
shows that N is a Hamiltonian LG-space with proper moment map, and in fact
M = Hol(N).
The most basic examples of Hamiltonian LG-spaces are provided by coadjoint LG-
orbits O for the affine action on Lg∗, equipped with the Kirillov-Kostant-Souriau
symplectic structure. All such orbits are preimages O = Hol−1(C) of conjugacy
classes in C ⊂ G, and conversely the holonomy manifold of the orbit O is just the
conjugacy class C. By construction, the corresponding G-action is the restriction
of the adjoint action of G and the moment map µ is the embedding into G. By
Theorem 8.3 the conjugacy class C inherits from O a quasi-Hamiltonian structure.
By Proposition 3.1 such a structure is unique and is described by formula (9). We
have proved the following proposition:
Proposition 8.4. Let O = Hol−1(C) be an orbit of gauge action in Lg∗. The
corresponding holonomy manifold coincides with the conjugacy class C ⊂ G. The
induced quasi-Hamiltonian structure is given by (9).
9. Moduli spaces of flat connections on 2-manifolds
In this section we apply our techniques to describe the symplectic structure on the
moduli spaces of flat connections on Riemann surface. Suppose Σ is an oriented 2-
manifold with non-empty boundary ∂Σ =
∐r
j=0 Vj . The space Aflat(Σ) ⊂ Ω1(Σ, g)
of flat G-connections on Σ × G is invariant under the action of the gauge group
G(Σ). Let pj ∈ Vj be given base points on the boundary components and let the
restricted gauge group Gres(Σ) consist of gauge transformations that are the identity
at the pj’s. The quotient M(Σ) = Aflat(Σ)/Gres(Σ) is a smooth, finite dimensional
manifold – in fact M(Σ) = G2(r+k) where k is the genus. It carries a residual Gr+1
action, and the holonomies around the Vj descend to a smooth equivariant map
µ : M(Σ) → Gr+1. Given a collection of conjugacy classes C = (C0, . . . , Cr) ⊂ Gr+1
the quotient
M(Σ, C) = µ−1(C)/Gr+1(33)
is the moduli space of flat connections with prescribed holonomies, which according
to Atiyah-Bott [AB] carries a natural symplectic structure. In this section we con-
struct the q-Hamiltonian structure on the moduli space of flat connections M(Σ).
The moduli spaces M(Σ, C) with holonomies in prescribed conjugacy classes C are
obtained by q-Hamiltonian reduction from M(Σ). The main result of this section
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is Theorem 9.3 which identifies M(Σ) as a fusion product of a number of copies
of the double D(G). The upshot is that we arrive at an explicit finite-dimensional
description of the symplectic form on the moduli space. For similar constructions
see e.g. [J1], [H], [KS], and [GHJW]. For complex Lie groups there is an alternative
finite dimensional construction due to Fock-Rosly [FoR], using ideas from Poisson
geometry.
9.1. Gauge-theoretic description. We start by recalling the gauge-theory con-
struction of the symplectic 2-form on M(Σ, C0, . . . , Cr), following Atiyah-Bott [AB].
Let Σ be a compact connected oriented 2-manifold with boundary components
V0, . . . , Vr and P → Σ a principal G-bundle. For simplicity we assume that P is the
trivial bundle Σ×G although the following discussion goes through for non-trivial
bundles as well1. Fix λ > 1 and let Ωj(Σ, g) denote g-valued differential forms of
Sobolev class λ− j. Then the gauge G(Σ) = Map(Σ, G) is a Banach Lie group mod-
eled on Lie(G(Σ)) = Ω0(Σ, g). Consider the space of connections A(Σ) = Ω1(Σ, g)
as a an affine Banach space, with smooth G(Σ)-action given by
Ag = Ad(g)A− g∗θ.
The space A(Σ) carries a natural symplectic form
σ(a, b) =
∫
Σ
a ∧ b, a, b ∈ TAA(Σ) ∼= Ω1(Σ, g)
for which the G(Σ)-action is Hamiltonian, with moment map
〈Ψ(A), ξ〉 =
∫
Σ
(curv(A), ξ) +
∫
∂Σ
(A, ξ), ξ ∈ Ω0(Σ, g)(34)
here curv(A) ∈ Ω2(Σ, g) denotes the curvature and we have taken the orientation
on ∂Σ opposite to the induced orientation. Let us choose a base point pj for every
boundary component Vj, and let Hol
j(A) ∈ G denote the holonomy of A along the
loop based at pj and winding once around Bj . Given conjugacy classes C0, . . . , Cr ⊂
G let
M(Σ, C0, . . . , Cr) = {A ∈ A(Σ)| curv(A) = 0, Holj(A) ∈ Cj}/G(Σ)(35)
be the moduli space of flat connections with holonomies in Cj . Since the holonomy
of a G-connection on S1 is determined up to conjugacy its gauge equivalence class
M(Σ, C0, . . . , Cr) is a symplectic quotient. It does not depend on the choice of
Sobolev class λ and is finite-dimensional and compact, but sometimes singular. (For
technical details, see e.g. [AB, DK].)
Let us suppose for the rest of this section that r ≥ 0, i.e. that Σ has at least
one boundary component. This assumption can be made without loss of generality
because if ∂Σ = ∅ and Σˆ is the 2-manifold obtained from Σ by removing a disk,
there is a natural identification M(Σ) ∼= M(Σˆ, {e}).
The condition ∂Σ 6= ∅ implies that the subset Aflat(Σ) of flat connections is a
smooth Banach submanifold of finite codimension. Let
ι : Aflat(Σ) →֒ A(Σ)
1Recall that if G is simply connected, every G-principal bundle over Σ is trivial.
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denote the embedding. Define the restricted gauge group Gres(Σ) as the kernel of
the evaluation mapping
G(Σ)→ Gr+1, g 7→ (g(p0), . . . , g(pr)).(36)
In other words Gres(Σ) consists of gauge transformations that are the identity at the
given base points. Set
M(Σ) := Aflat(Σ)/Gres(Σ).
Since the action of Gres(Σ) is free, it is not very hard to check that M(Σ) is a finite
dimensional, smooth manifold – in fact we will see below that it is isomorphic to
G2(k+r) where k is the genus of Σ. From the original G(Σ)-action we have a residual
action A of G(Σ)/Gres(Σ) ∼= Gr+1, and the collection of holonomy maps Holj(A)
descends to an equivariant map µ : M(Σ)→ Gr+1. We have
M(Σ, C0, . . . , Cr) = µ−1(C0, . . . , Cr)/Gr+1.
Theorem 9.1. There is a natural Gr+1-invariant 2-form ω on M(Σ) for which the
quadruple (M(Σ),A, ω, µ) is a q-Hamiltonian Gr+1-space.
Proof. Choose orientation and base point preserving parametrizations Vj ∼= S1 of
the boundary circles and let
Rj : A(Σ)→ Ω1(S1, g) ∼= Lg∗
denote the restriction mapping to the jth boundary component. For any g ∈ Gres(Σ)
the restriction to the jth boundary component is in the based loop group ΩG.
Equation (34) and Proposition 8.1 show that pull-back ι∗σ˜ to Aflat(Σ) of the 2-form
σ˜ = σ +
r∑
j=0
R∗j̟(37)
on A(Σ) is Gres(Σ)-basic, and is therefore the pull-back of a unique invariant 2-form
ω ∈ Ω2(M(Σ)) which satisfies (B1) and (B2). The non-degeneracy condition (B3)
is verified along the lines of the proof of Theorem 8.3. Let π : Aflat(Σ) → M(Σ)
denote the projection. The kernel of ω at π(A) is the image under dπ of the kernel
of ι∗σ˜.
Suppose v ∈ TAAflat(Σ) is in the kernel of ι∗σ˜. By definition of σ˜ this implies
that ι(v)σA annihilates ker dAΨ ⊂ TAAflat(Σ). Consequently v ∈ ker(dAΨ)σ. The
σ-orthogonal complement of ker(dAΨ) is equal to the tangent space to the orbit
through A. Hence v = vξ for some ξ ∈ Lie(G(Σ)). As in the proof of Theorem 8.3
this implies ξ(pj) ∈ ker(Ad(Hol(Ψ(pj))2) − 1) for all pj , and we conclude ξ(pj) ∈
ker(Ad(Hol(Ψ(pj)) + 1), proving the non-degeneracy condition.
Our next result that M(Σ, C) is a Hamiltonian reduction from M(Σ).
Theorem 9.2. The moduli space M(Σ, C0, . . . , Cr) is a q-Hamiltonian reduction of
M(Σ) corresponding to the conjugacy classes (C0, . . . , Cr) ⊂ Gr+1.
Proof. Let Oj = Hol−1(Cj) ⊂ Lg∗ denote the coadjoint LG-orbits corresponding to
the conjugacy classes Cj , and Ωj their Kirillov-Kostant-Souriau symplectic forms.
Let ιˆ : Z ⊂ Aflat(Σ) denote the set of flat connections such that Holj(A) ∈ Cj , i.e.
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R∗jA ∈ Oj . Let πˆ : Z → M(Σ, C0, . . . , Cr) be the projection. By definition of the
symplectic form σred on M(Σ, C0, . . . , Cr),
πˆ∗σred = ιˆ
∗
(
σ −
r∑
j=0
R∗jΩj
)
= ιˆ∗
(
σ˜ −
r∑
j=0
R∗j (Ωj +̟)
)
.
By Proposition 8.4, Ωj +̟ = Hol
∗ ωj , where ωj is the unique 2-form which defines
a quasi-Hamiltonian structure to Cj . Since Hol ◦Rj = Holj, this shows
π∗σred = ι
∗(σ˜ − (Holj)∗ωj).
By the Remark in Section 5.2 this Equation shows that σred coincides with the 2-
form obtained by q-Hamiltonian reduction from the space M(Σ) equipped with the
2-form ω.
Remark 9.1. Suppose that G is simply connected. Then the restriction mapping
G(Σ) → G(∂Σ) ∼= LGr+1 is surjective. Let G0(Σ) be its kernel. Then M(Σ) :=
Aflat(Σ)/G0(Σ) is a Banach manifold and is a Hamiltonian LGR+1-space with proper
moment map (see e.g. [Do, MW1]). Its holonomy manifold is the finite-dimensional
Gr+1-space M(Σ). See [MW2] for applications of M(Σ) in this context.
9.2. Holonomy description. Our next goal is to make the q-Hamiltonian struc-
ture of M(Σ) more explicit. We start by introducing coordinates on M(Σ). Choose
a system of smooth oriented paths Uj from pj to p0 (j = 1, . . . , r) on and loops
Ai, Bi (i = 1, . . . , k) based at p0, such that
1. The paths Uj , Vj, Ai, Bi meet only at p0.
2. Letting Σ′ denote the closed 2-manifold obtained from Σ by capping off the
boundary components, the fundamental group π1(Σ
′) is the group generated
by the Ai, Bi, modulo the relation
∏k
i=1 [Ai, Bi] = 1.
3. The path V0 is obtained by catenation:
V −10 = U1V1U
−1
1 · · ·UrVrU−1r [A1, B1] · · · [Ak, Bk].
Up to Gres(Σ)-gauge equivalence, every flat connection on Σ is completely deter-
mined by the holonomies ai, bi, uj, vj along Ai, Bi, Uj , Vj (i = 1, . . . , k, j = 1, . . . , r),
and conversely every collection ai, bi, uj, vj is realized by some flat connection. Con-
sequently we have
M(Σ) = G2(r+k)
with coordinates (ai, bi, uj, vj). The action of (g0, . . . , gr) ∈ Gr+1 is given by
aj 7→ Adg0 aj , bj 7→ Adg0 bj , uj 7→ g0ujg−1j , vj 7→ Adgj vj(38)
and the components of the moment map µ are
µj(a, b, u, v) = v
−1
j , (j = 1, . . . r)(39)
µ0(a, b, u, v) = Adu1 v1 · · ·Adur vr [a1, b1] · · · [ak, bk].
We now construct a q-Hamiltonian structure on M(Σ) as follows. Take r copies of
the double D(G) ∼= G2, with coordinates (uj, vj) as in Remark 3.2, and k copies of
its “internal fusion” D(G) ∼= G2, with coordinates (ai, bi) as in Example 6.1. Recall
that D(G) is a q-Hamiltonian G×G-space with moment maps (v−1j ,Aduj vj) while
D(G) is a G-space with moment map [ai, bi]. Fusing the D(G)’s with respect to the
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second component of the G × G-action in each copy together with all D(G)’s we
obtain a q-Hamiltonian Gr+1-space with action given by (38) and moment map by
(39).
9.3. Equivalence of the gauge theory construction and the holonomy con-
struction. We will now prove that the fusion product from the preceeding subsec-
tion gives indeed the correct 2-form.
Theorem 9.3. Let Σ be a smooth 2-dimensional orientable manifold of genus k
with r + 1 boundary components. Then the moduli space M(Σ) = Aflat(Σ)/Gres(Σ)
is canonically isomorphic to the fusion product
D(G)⊛ · · ·D(G)︸ ︷︷ ︸
r times
⊛D(G)⊛ · · ·D(G)︸ ︷︷ ︸
k times
.(40)
Proof. Let P denote the polyhedron obtained by cutting Σ along the paths Uj , Ai
and Bi. The boundary ∂P consists of 3r + 4k + 1 segments:
∂P = U1V1U
−1
1 . . . UrVrU
−1
r A1B1A
−1
1 B
−1
1 . . . AkBkA
−1
k B
−1
k V0.(41)
Since P is contractible, every flat connection A on Σ determines a unique function
ψ ∈ Map(P,G) such that
A = ψ∗θ, ψ(p0) = e(42)
Choose an orientation-preserving parametrization ∂P ∼= [0, 1] such that p0 = 0, and
let ψs denote the value of ψ|∂P at s ∈ ∂P . As before let ι : Aflat(Σ) →֒ A(Σ)
denote the inclusion.
Lemma 9.4. The pull-back of symplectic form σ to the submanifold of flat connec-
tions is given by the formula
ι∗σ =
1
2
∫ 1
0
ds(ψ∗sθ,
∂
∂s
ψ∗sθ).
For a proof of this result see e.g. [AM].
To proceed we introduce some more notation. Suppose ∆ = [s0, s1] ⊂ [0, 1] is a
subinterval, and c := ψs0 and d = c
−1ψs1. Then
ψs0 := c−1ψ
satisfies Equation (42) with initial condition ψ(s0) = e instead of ψ(p0) = e. Set
ψs0s = c
−1ψs and define
̟∆ =
1
2
∫ s1
s0
ds
(
(ψs0s )
∗θ,
∂
∂s
(ψs0s )
∗θ
)
.
Then
1
2
∫ s1
s0
ds(ψ∗sθ,
∂
∂s
ψ∗sθ) =
1
2
∫ s1
s0
ds
(
(cψs0s )
∗θ,
∂
∂s
(cψs0s )
∗θ
)
= ̟∆ +
1
2
(c∗θ, d∗θ).(43)
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Lemma 9.4 asserts that ι∗σ = ̟∂P , while the 2-form σ˜ on A(Σ) that gives to the
q-Hamiltonian structure on the moduli space M(Σ) satisfies
ι∗σ˜ = ̟∂P −
r∑
j=0
̟V −1j
.(44)
Using (43) we evaluate this equation as follows. Combine the segments (41) of the
boundary ∂P to the following r + 1 + k loops on Σ:
∆i =


V0 : i = 0
AiBiA
−1
i B
−1
i : 1 ≤ i ≤ k
Ui−kVi−kU
−1
i−k : k + 1 ≤ i ≤ k + r
For i = 0, . . . k + r + 1 let ti ∈ [0, 1] such that ∆i = [ti, ti+1], and let ci := ψti and
di = c
−1
i ci+1. Then
̟∂P = ωV0 +
k+r∑
i=1
(
̟∆i +
1
2
(c∗i θ, d
∗
i θ)
)
.(45)
Let us first consider the contribution of the loops ∆k+j for j = 1, . . . , r. By another
application of (43) we have
̟∆k+j = ̟Uj +̟Vj +̟U−1j
+
1
2
(u∗jθ, (vju
−1
j )
∗θ) +
1
2
(v∗j θ, (u
−1
j )
∗θ)}
= ̟Vj +
1
2
(Advj u
∗
jθ, u
∗
jθ) +
1
2
(u∗jθ, v
∗
j θ + v
∗
j θ)}.
In the first line contributions ̟Uj and ̟U−1j cancel each other due to the difference
in orientation. The term ̟Vj cancels the corresponding contribution to (44). The
remaining expression gives the 2-form on the double D(G).
Next, we analyze the contribution of ∆i = AiBiA
−1
i B
−1
i for i = 1, . . . , k:
̟∆i = ̟AjBj +̟A−1j B
−1
j
+
1
2
((ajbj)
∗θ, (a−1j b
−1
j )
∗θ)
= ̟Aj +̟Bj +̟A−1j
+̟B−1j
+
1
2
(
(a∗jθ, b
∗
jθ) + (a
∗
jθ, b
∗
jθ) + ((ajbj)
∗θ, (a−1j b
−1
j )
∗θ)
)
=
1
2
(
(a∗jθ, b
∗
jθ) + (a
∗
jθ, b
∗
jθ) + ((ajbj)
∗θ, (a−1j b
−1
j )
∗θ)
)
.
The last line reproduces the 2-form on D(G). Finally, the contribution ̟V0 cancels
the corresponding term in (44). We have shown that the 2-form σ˜ is a pull-back of
the sum of r copies of the 2-form on D(G), along the maps ui, vi, and of k copies of
the 2-form on D(G), along the maps ai, bi. The cross terms
1
2
(c∗i θ, d
∗
i θ) are precisely
the extra terms coming from fusion (16). This completes the proof of Theorem
9.3.
Suppose now that we are given a tuple of conjugacy classes C = (C0, . . . , Cr).
Recall that the reduction of D(G) at Ci is equal to C−i . Theorem 9.3 together with
Theorem 9.2 show that the moduli space M(Σ, C) is a q-Hamiltonian reduction,
M(Σ, C) = (C−0 ⊛ · · ·⊛ C−r ⊛D(G)⊛ · · ·⊛D(G))e.
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In particular, the moduli space for the sphere with d holes is the reduction of a d-fold
fusion product of conjugacy classes. This fits nicely with the well-known similarities
of this space with the symplectic reductions of a d-fold product of coadjoint G-orbits.
9.4. Action of the mapping class group. Let Diff(Σ) denote the group of ori-
entation preserving diffeomorphisms of Σ, with the C1-topology. Its Lie algebra is
the space of vector fields that are tangent to the boundary. The action
Diff(Σ)×A(Σ)→ A(Σ), Aφ = (φ−1)∗A
preserves the 2-form σ, and is Hamiltonian with moment map
〈Φ(A), X〉 = −
∫
Σ
(curv(A), ι(X)A)−
∫
∂Σ
(A, ι(X)A)
for X ∈ Lie(Diff(Σ)). It also acts on the gauge group G(Σ) by gφ = (φ−1)∗g,
and combines with the gauge group action to an action of the semi-direct product
G(Σ)⋊ Diff(Σ).
Consider the smaller group Diffres(Σ) consisting of all φ ∈ Diff(Σ) that pre-
serve the base points {p0, . . . , pr} up to permutation. Its action descends to M(Σ),
and combines with the action of Gr+1 to an action of the semi-direct product
Gr+1 ⋊ Diffres(Σ), where Diffres(Σ) acts on G
r+1 by permuting factors. Clearly
the Diffres(Σ)-action preserves ω and permutes the components of µ. However, the
action of the identity component Diff0res(Σ) = Diffres(Σ)∩Diff0(Σ) on M(Σ) is triv-
ial because every φ ∈ Diff0(Σ) is connected to the identity by a smooth path φt, and
because the fundamental vector field vX of X ∈ Lie(Diffres(Σ)) is equal to vξ for
ξ = −ι(X)A ∈ Lie(G(Σ)). All that remains is therefore the action of the mapping
class group Γ(Σ) = Diffres(Σ)/Diff
0
res(Σ), and we obtain an action of the semi-direct
product
Gr+1 ⋊ Γ(Σ).
preserving ω. The action of the “pure” mapping class group, i.e. the kernel of
the homomorphism Γ(Σ) → S(p0, . . . , pr) to the permuation group, descends to a
symplectomorphism of the reduced spaces M(Σ, C0, . . . , Cr).
The action of Γ(Σ) can be described explicitly in terms of coordinates on M(Σ).
Example 9.1. According to Theorem 9.3 the moduli space M(Σ) for Σ = Σ20 the
2-holed sphere is just the double D(G) considered in the previous section. The
element a is interpreted as parallel transport along a path from p1 ∈ V1 to p2 ∈ V2,
while ab is the holonomy around the boundary component V2. The map
S : D(G)→ D(G), (a, b) 7→ (a−1, b−1)
corresponds to a diffeomorphism exchanging V1 and V2: Indeed it satisfies S
∗ω =
ω, but switches the G-factors so that S∗(µ1, µ2) = (µ2, µ1) and S((a, b)
(g1,g2)) =
(S(a, b))(g2,g1). Another interesting action is given by
Q : D(G)→ D(G), (a, b) 7→ (aba, a−1).
This action by Q is equivariant and preserves both the 2-form and the moment
map. It corresponds to a diffeomorphism which rotates one of the boundary circles
by 2π while leaving the other one fixed. Since D(G) acts as the identity under
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diagonal reduction (that is, (M ⊛ D(G))e ∼= M) this explains the existence of the
twist automorphism, Theorem 4.5.
Example 9.2. The fusion operation M1 ⊛ M2 can be viewed as a diagonal G
2-
reduction (
M1 ×M2 ×M(Σ30)
)
//G2.
with respect to two of the three boundary circles of Σ30. Choosing an element
of the mapping class group exchanging these two boundary circles we obtain a
q-Hamiltonian isomorphism M(Σ30) → M(Σ30) exchanging two components of the
moment map. It descends to a q-Hamiltonian isomorphism M1 ⊛M2 → M2 ⊛M1.
This is the origin for the braid isomorphisms discussed in Section 6.
In [MW2], a fusion operation was introduced for Hamiltonian LG-manifolds with
proper moment maps. LettingM(Σ30) be the Hamiltonian LG3-manifold associated
to Σ30, the fusion product of two Hamiltonian LG-manifolds M1 and M2 is the
diagonal LG2-reduction
M1 ⊛M2 = (M1 ×M2 ×M(Σ30))//LG2;
it is a Hamiltonian LG-space with proper moment map. (By contrast, the moment
map for the direct productM1×M2 with diagonal LG-action is not proper and does
not have the correct equivariance property.) The holonomy manifold of M1 ⊛M2
is
Hol(M1 ⊛M2) = Hol(M1)⊛Hol(M2).
10. Relation to Poisson-Lie G-spaces
In this Section we establish a connection between the theory of Poisson-Lie groups
and the theory of q-Hamiltonian G-spaces. Although these two theories are not
equivalent to each other, the definition of a Poisson-Lie G-space can be rewritten in
a form very similar to the definition of a q-Hamiltonian G-space.
10.1. Poisson-Lie G-spaces. We begin with a short exposition of the theory of
Poisson-Lie G-spaces of J.-H. Lu and A. Weinstein [L, LW]. As for q-Hamiltonian
spaces, the target of the moment map is a non-abelian Lie group.
Throughout this section G denotes a connected and simply connected compact
Lie group and T ⊂ G a maximal torus. The inner product ( , ) on g induces a
complex-bilinear form, still denoted ( , ) on its complexification gC. We will regard
gC as a real Lie algebra, and let GC be the corresponding Lie group. Let n ⊂ gC be
the sum of root spaces for the positive roots and a :=
√−1 t. Write A = exp(a) and
N = exp(n). We have the Iwasawa decompositions
gC = g⊕ a⊕ n, GC = GAN = AN G.
The pairing of the subalgebra a⊕ n with g given by the imaginary part of ( , )
〈ζ, η〉 = Im(ζ, η) , ζ ∈ a⊕ n , η ∈ g.
is nondegenerate, and identifies a⊕n ∼= g∗. LetG∗ = AN ⊂ GC be the corresponding
simply connected subgroup. We denote the projection to the first factor by α : G∗ →
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A. According to Drinfeld the isomorphism gC = g⊕ g∗ means that G is a Poisson-
Lie group, and G∗ its dual Poisson-Lie group. By the Iwasawa decomposition any
element GC can be uniquely written as a product of elements of G∗ and G:
GC = G∗G.
Left-multiplication of G onGC induces an action of G on G∗ = GC/G which is known
as the (left) dressing action (this terminology is due to Semenov-Tian-Shansky). We
denote the fundamental vector fields for the dressing action by v♯ξ.
We will use the same notation θ, θ for the Maurer-Cartan forms on GC and its
subgroups. This does not lead to ambiguities since the Maurer-Cartan form on a
subgroup of a group is just the pull-back of the Maurer Cartan-form on the group.
Sometimes we denote the Maurer-Cartan forms on G∗ by θG∗ , θG∗ for clarity. Let
χC =
1
12
(θ, [θ, θ]) ∈ Ω3(GC,C)
Definition 10.1 (Lu). A Poisson-Lie G-space is a G-manifold (M,A) together with
a 2-form ω ∈ Ω2(M), and an equivariant map µ ∈ C∞(M,G∗) such that the following
conditions are fulfilled:
(D1) The form ω is closed.
(D2) For all ξ ∈ g,
ι(v♯ξ)ω = 2µ
∗ 〈θG∗ , ξ〉.
(D3) The form ω is non-degenerate.
The map µ is called a Poisson-Lie moment map.
The factor of 2 is introduced into (D2) in order to simplify the comparison of
the definition of a Poisson-Lie G-space to the definition of a q-Hamiltonian G-space
with P -valued moment map.
Remark 10.1. 1. The 2-form ω is not invariant. Rather, the point of the defini-
tion is that the action map A becomes a Poisson map [L].
2. Just as for q-Hamiltonian G-spaces, there is a ring structure on the category
of Poisson-Lie spaces. Given two Lie-Poisson G-spaces M1, M2 there exists the
structure of a Lie-Poisson G-space on M1 ×M2 with symplectic form the sum
ω1 + ω2 and moment map the pointwise product µ1 · µ2. The G-action is not
simply the diagonal G-action but is “twisted”. See e.g. [FR].
3. The moment map for Poisson-Lie G-spaces has the properties
Im(µ∗θ)x = g
0
x, ker(dxµ)
ω = {v♯ξ(x), ξ ∈ g}.(46)
The proof is analogous to that for Hamiltonian G-spaces.
10.2. q-Hamiltonian G-space with P -valued moment maps. As we explained
in Remark 2.1, the possibility of choosing X = g∗ or X = G as target space for
a generalized moment map relies on the existence of a natural equivariantly closed
equivariant 3-form χG on X . In this subsection we present another example of a
target X with this property.
Let τ : GC → GC denote the Cartan involution, defined by exponentiating the
complex conjugation mapping gC → gC, and let I : GC → GC denote the map
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Ig = τ(g−1). We will also use the notation Ig = g† since for G = SU(N) the
complexification is GC = Sl(N,C) and the map I is Hermitian conjugation. Let P
denote the symmetric space
P = {g ∈ GC, g = g†}.
The adjoint action of G on GC leaves P invariant. Let p : P →֒ GC denote the
embedding. Set
θP = p
∗θ, θP = p
∗θ ∈ Ω1(P, gC)
and define a 3-form χP ∈ Ω3(P ) by
χP =
1
12
p∗ Im(θ, [θ, θ]).
For all ξ ∈ g, the complex conjugate of the 1-form (θ, ξ) ∈ Ω1(GC,C) is −(I∗θ, ξ).
Therefore the 1-form (θ + I∗θ, ξ) is purely imaginary. On P the map I is trivial, so
that (θP + θP , ξ) is purely imaginary. Put differently, θP + θP takes values in
√−1g.
The equivariantly closed extension of χP is the 3-form χP,G ∈ Ω3G(P ) defined by
χP,G(ξ) = χP +
1
2
√−1 µ
∗
P (θP + θP , ξ).
Definition 10.2. A q-Hamiltonian G-space with P -valued moment map is a mani-
fold M equipped with a G-action A, a 2-form ωP ∈ Ω2(M) and an equivariant map
µP ∈ C∞(M,P )G such that:
(E1) The differential of ωP is given by:
dωP = −µ∗PχP .
(E2) For all ξ ∈ g,
ι(vξ)ωP =
1
2
√−1 µ
∗
P (θP + θP , ξ).
(E3) The form ωP is non-degenerate.
The map µP is called a P -valued moment map.
Since G by assumptionis connected, equivariance of the moment map µP together
with conditions (E1) and (E2) imply invariance of the 2-form ωP :
LvξωP = ι(vξ)dωP + dι(vξ)ωP
= µ∗P
(
− ι(vξ)χP + 1
2
√−1 d(θP + θP , ξ)
)
= 0.
10.3. Equivalence of Poisson-Lie G-spaces and q-Hamiltonian G-spaces
with P -valued moment map. In this subsection we prove the equivalence of the
definitions of a Poisson-Lie G-space and of a q-Hamiltonian G-space with P -valued
moment map. Consider the map
j : GC → P , j(b) = b b†.
It turns the left G-action on GC into the adjoint action on P and restricts to an
equivariant diffeomorphism G∗ ∼= P . Let κ : G∗ →֒ GC denote the embedding.
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Proposition 10.3. Let (M,A, ω, µ) be a Poisson-Lie G-space. Then the manifold
M equipped with the same G-action A, moment map
µP = j ◦ µ : M → P
and 2-form
ωP = ω +
1
2
µ∗κ∗ Im (I∗θ, θ)
is a q-Hamiltonian G-space with P -valued moment map.
Proof. The map µP is equivariant because it is the composition of two equivariant
maps. To check (E1) observe first that
j∗χC = χC + I
∗χC − 1
2
d(I∗θ, θ).(47)
Taking imaginary parts this shows j∗ ImχC = −12 Im d(I∗θ, θ). Therefore
dωP = dω +
1
2
dµ∗ Im(I∗θ, θ) = −µ∗j∗ ImχC = −µ∗PχP
in accordance with (E1). By Lemma 10.4 below the imaginary part of the 1-form
ι(v♯ξ)κ
∗(θ, I∗θ) on G∗ is given by
ι(v♯ξ)κ
∗ Im(θ, I∗θ) = 4κ∗ Im(θ, ξ)− κ∗j∗ Im(θ + θ, ξ).
Using this fact together with (D2) we compute
ι(vξ)(ω − 1
2
µ∗ Im κ∗(I∗θ, θ)) =
1
2
µ∗κ∗j∗ Im
(
(θ + θ, ξ)
)
=
1
2
µ∗P Im(θ + θ, ξ)
which gives (E2). To verify (E3) let v ∈ ker(ωP )x, that is,
ι(v)ω = −ι(v)1
2
Imµ∗κ∗ (I∗θG∗ , θG∗).
Since the right hand side of this equation annihilates the kernel of dxµ, this shows
that v ∈ ker(dxµ)ω. By (46) this implies that v = vξ(x) for some ξ ∈ g. Using (E2)
we arrive at the condition
0 = ι(vξ)ωP =
1
2
√−1 µ
∗
P (θP + θP , ξ).(48)
Contracting this Equation with vη for η ∈ g shows
(η,AdµP (x) ξ −AdµP (x)−1 ξ) = 0
for all η, or
ξ ∈ ker(AdµP (x)2 −1) = ker(AdµP (x)−1)⊕ ker(AdµP (x)+1).
Since the eigenvalues of AdµP (x) are nonegative real numbers, the space
ker(AdµP (x)+1) is trivial. Hence AdµP (x) ξ = ξ . For such ξ the above equation
becomes
0 = µ∗P (θP + θP , ξ) = 2µ
∗
P (θP , ξ).
By (D2) this equation shows ι(vξ)ω = 0, and finally vξ = 0 by non-degeneracy of ω,
proving (E3).
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One can easily reverse the argument and show that the structure of a q-
Hamiltonian G-space with P -valued moment map defines the structure of a Poisson-
Lie G-space on the same manifold. In the proof we used the following Lemma:
Lemma 10.4. The contraction of the fundamental vector field v♯ξ for the dressing
action with the 2-form κ∗(I∗θ, θ) on G∗ is given by the formula
ι(v♯ξ)κ
∗(I∗θ, θ) = 2κ∗(θ + I∗θ, ξ)− κ∗j∗(θ + θ, ξ).(49)
Proof. We compute:
ι(v♯ξ)κ
∗(I∗θ, θ) = (ι(v♯ξ)κ
∗I∗θ, κ∗θ)− (κ∗I∗θ, ι(v♯ξ)κ∗θ)
= (ι(v♯ξ)κ
∗(θ + I∗θ), κ∗θ)− (κ∗I∗θ, ι(v♯ξ)κ∗(I∗θ + θ))(50)
−(ι(v♯ξ)κ∗θ, κ∗θ) + (κ∗I∗θ, ι(v♯ξ)κ∗I∗θ)
The last two terms in this expression cancel, for the following reason. It is easy to
see that one of them is a complex conjugate of the other. We will show that the
first one is real which ensures the cancellation. Indeed, the subalgebra n equals the
kernel of the bilinear form (, ) restricted to a⊕ n. Hence
(ι(v♯ξ)κ
∗θ, κ∗θ) = (ι(v♯ξ)α
∗κ∗θ, α∗κ∗θ)
which is real since the restriction of (, ) to a is real-valued. To compute the first two
terms in (50) observe that
I∗θ + θ = Adb† j
∗θ
which gives
ι(v♯ξ)κ
∗(θ + I∗θ) = Adb−1 ξ − Adb† ξ.(51)
Therefore
ι(v♯ξ)κ
∗(I∗θ, θ) = κ∗(θ + I∗θ −Ad(b†)−1 θ − Adb I∗θ, ξ).
Combining this with
j∗(θ + θ) = Ad(b†)−1 θ +Adb I
∗θ + θ + I∗θ(52)
completes the proof of the Lemma.
10.4. Equivalence of q-Hamiltonian G-spaces with P -valued moment map
and Hamiltonian G-spaces. Let us note that the space P has two important
properties:
1. P is contractible. Hence, the closed 3-form χP is exact.
2. The restriction of the exponential map exp : gC → GC to √−1 g ⊂ gC is
invertible and has image P . Let κ : P → √−1 g be the inverse map, and
identify
√−1 g ∼= g∗ by means of the pairing Im( , ).
Using these facts one can convert a q-Hamiltonian G-space with P -valued moment
map into a usual Hamiltonian G-space.
Proposition 10.5. 1. There exists a canonical G-invariant 2-form τ on P such
that:
dτ = χP , ι(vξ)τ = d(κ, ξ)− 1
2
√−1 (θP + θP , ξ).
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2. Let (M,A, µP , ωP ) be a q-Hamiltonian G-space with P -valued moment map.
Then the manifold M with the same G-action A, moment map
µ = κ ◦ µP :M → g∗
and 2-form
ω = ωP + µ
∗
P τ
is a Hamiltonian G-space.
This was proved in [A]. In fact, the proof is essentially as that of Proposition
3.4 since the restriction of the exponential map to
√−1g is invertible. Propositions
10.3 and 10.5 reduce the theory of Poisson-Lie G-spaces to the usual theory of
Hamiltonian G-spaces.
Appendix A. Properties of the form ̟
In this Appendix we give the proof of Proposition 8.1 concerning the properties
of the 2-form
̟ =
1
2
∫ 1
0
ds (Hol∗s θ,
∂
∂s
Hol∗s θ)
on Lg∗. We will need the following properties of the pull-back of θ under Hols:
Lemma A.1. (Properties of Hol∗s θ.) Let Ag : Lg∗ → Lg∗ the action defined by
g ∈ LG. Then
A∗g Hol∗s θ = Ad(g(0)) Hol∗s θ.(53)
The contractions with fundamental vector fields vξ (for ξ ∈ Lg) are
ι(vξ) Hol
∗
s θ = ξ(0)− Ad(Hols(A))ξ(s).(54)
For any ζ ∈ Lg∗, viewed as a constant vector field on Lg∗, one has
ι(ζ) Hol∗s θ =
∫ s
0
Ad(Hols(A))ζ(u) du.(55)
Proof. For h ∈ G let Rh, Lh : G → G be the left-resp. right multiplication by h.
By the equivariance property (26) and right-invariance of θ, we have
A∗g Hol∗s θ = Hol∗s L∗g(0)R∗g(s)−1θ = Hol∗s Ad(g(0))θ = Ad(g(0)) Hol∗s θ.
By another application of (26), the tangent map dAHols satisfies
(dAHols)(vξ) = ξ(0) Hols(A)− Hols(A)ξ(s)
which implies (54). For the third identity write Hols(A + tζ) = φs(tζ) Hols(A) so
that
ι(ζ) Hol∗s θ = (dAHols)(ζ) Hols(A)
−1 =
∂
∂t
∣∣∣
t=0
φs(tζ).
Differentiating the defining identity
Hols(A)
−1φs(tζ)
−1 ∂
∂s
(
φs(tζ) Hols(A)
)
= A + tζ
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with respect to t at t = 0 gives
Ad(Hol−1s )
∂
∂s
(
ι(η) Hol∗s θ
)
= ζ
Applying Ad(Hols) and integrating from 0 to s gives (55).
We now give the proof of Proposition 8.1.
Proof. LG-invariance of ̟ follows immediately from (53). The differential is com-
puted as follows:
d̟ =
1
4
∫ 1
0
ds (Hol∗s[θ, θ],
∂
∂s
Hol∗s θ)−
1
4
∫ 1
0
ds (Hol∗s θ,
∂
∂s
Hol∗s[θ, θ])
=
1
2
∫ 1
0
ds (Hol∗s[θ, θ],
∂
∂s
Hol∗s θ)−
1
4
Hol∗([θ, θ], θ)
=
1
6
∫ 1
0
ds
∂
∂s
Hol∗s([θ, θ], θ)−
1
4
Hol∗([θ, θ], θ)
= − 1
12
Hol∗([θ, θ], θ) = −Hol∗ χ.
Given ξ ∈ Lg we have, by partial integration
ι(vξ)̟ =
1
2
∫ 1
0
ds (ι(vξ) Hol
∗
s θ,
∂
∂s
Hol∗s θ)−
1
2
∫ 1
0
ds (Hol∗s θ,
∂
∂s
ι(vξ) Hol
∗
s θ)
=
∫ 1
0
ds (ι(vξ) Hol
∗
s θ,
∂
∂s
Hol∗s θ)−
1
2
Hol∗(θ, ι(vξ)θ)
=
∫ 1
0
ds (ξ(0)−Ad(Hols)ξ(s), ∂
∂s
Hol∗s θ)−
1
2
Hol∗(θ − θ, ξ(0))
=
1
2
(Hol∗(θ + θ), ξ(0))−
∫ 1
0
(ξ(s),Ad(Hol−1s )
∂
∂s
Hol∗s θ).
By (55) we have for all ζ ∈ TALg∗ ∼= Lg∗
ι(ζ)
∫ 1
0
(ξ(s), Ad(Hol−1s )
∂
∂s
Hol∗s θ) =
∫ 1
0
(ξ(s), ζ(s)) = ι(ζ)d
∮
(A, ξ)
which concludes the proof.
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